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1. Introduction 

The striking simplicity of MHV amplitudes has been an inspiration for many recent devel- 
opments in gauge theory. It was first proposed by Parke and Taylor [1] and then proved 
using recursion methods by Berends and Giele [2]. After about fifteen years, inspired by 
twistor string theory, Cachazo, Svrcek and Witten discovered that tree-level amplitudes 
with arbitrary helicity configuration can be constructed using MHV amplitudes continued 
off shell in a particular way and connected using scalar propagators [3]. This proposal 
reduces the complexity of the amplitude computation dramatically. CSW rules were then 
extended to include quarks and to super symmetric theories [4-7], and also were extended 
to include Higgs [8,9] and electroweak gauge bosons [10]. There are also some applications 
of CSW rules in one loop calculations (such as in [11-17]). 

As well as the proof given in [18], a particularly direct proof of these rules was found in 
[19] by generalising the idea from BCFW recursion relations [20]. But despite a preliminary 
attempt to derive the MHV lagrangian [21], a full and clear understanding of the origin 
of CSW rules from quantum field theory was not presented until Mansfield's paper [22]. 
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In his paper, Mansfield proposed a framework for deriving the MHV lagrangian using a 
certain canonical transformation applied to the light-cone lagrangian: CSW rules then 
followed from the vertices in this MHV lagrangian. The concrete canonical transformation 
was obtained in [23] and later was extended in [24] to give a prescription for dimensional 
regularization of the MHV lagrangian. It was also made clear that the previously missing 
pieces of amplitudes in the CSW prescription can be recovered by so called 'completion 
vertices', which come from the field transformation. Another approach to obtain the MHV 
lagrangian is to use the twistor Yang-Mills theory [25,26] by formulating the gauge theory 
on twistor space and then fixing a particular gauge. 

In [27,28], a canonical transformation was used to generate the massive CSW vertices 
involving massive scalars, and it was shown that these can also be obtained from the 
twistor Yang-Mills approach. A full canonical transformation for QCD including a quark 
field was constructed in a recent paper [29], in which CSW vertices for massive quarks 
are also presented. The same results have been reproduced from the twistor Yang-Mills 
approach [30] (although formulated in a different convention). 

The similarity between the massive CSW scalar vertices in [27, 28] and massive quark 
vertices in [29] suggests a supersymmetric relation between these two vertices. In [31], the 
author uses a massive version of the supersymmetric Ward identity (massive SWI) [32] to 
understand this similarity. Since massive SWI can only be used on amplitudes, one should 
choose a suitable reference momentum of the massive quark to make the amplitudes in- 
volving a massive quark-antiquark pair be proportional only to the corresponding massive 
CSW vertices. Then the massive SWI can be used to relate them to amplitudes involving 
massive scalars, hence relating these two kinds of CSW vertices. Since the derivation of the 
massive SWI makes use of the explicit solution of massive Dirac equation, it also depends 
on the reference momenta of the solution. However, at the level of the MHV lagrangian, 
one would not expect that a supersymmetric relation between vertices should depend on 
the on-shell solution of the Dirac equation. In the present paper, a kind of light-cone super- 
symmetric transformation at the lagrangian level is presented to relate these two kinds of 
vertices directly. It is based on the observation that after the gauge fixing and integrating 
out of the non-dynamical fields, there is some supersymmetry left in the lagrangian. More- 
over, the complete canonical transformation for the MHV lagrangian for supersymmetric 
QCD (MHV-SQCD) can be obtained by using this supersymmetry transformation on the 
results already obtained for MHV-QCD in [29]. Besides the relation between massive CSW 
vertices for massive quarks and scalars, other relations among massive CSW vertices for 
MHV-SQCD can also be obtained in this way. As a result, most massive CSW vertices can 
be fixed using these relations and the results from MHV-QCD. Another kind of light-cone 
supersymmetry is used in [33] in discussing MHV lagrangian for J\f = 4 gauge theory. 

The paper is organised as follows: In section ||, we explain the conventions and notation 
used in this paper, which is a little different from [29]. In section ^, we derive the light-cone 
lagrangian and provide the light-cone SUSY transformation. In section ||, we obtain all of 
the canonical transformation for MHV-SQCD using the light-cone SUSY transformation 
and the canonical transformation for MHV-QCD. In section [|, we derive the massive CSW 
vertices for MHV-SQCD. Section |6| contains the conclusions and discussion. Since we will 
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use the canonical transformation and massive CSW vertices for MHV-QCD from [29] in 
our derivation, we summarise them in appendix [B] and |D|. In appendix [Al we give the full 
light-cone lagrangian for SQCD. In appendix [C] we summarise our results for the canonical 
transformation for SQCD. 

2. Preliminary 

2.1 Light-cone co-ordinates 

The light-cone co-ordinates are defined as: 

x = _^_ x3)) x = _^ {t + x 3^ z= _L= {x l +ix 2^ - z= X= {x X_ ix 2y (21) 

We employ a compact notation writing (po,Po,p z ,Pz) = (P,P,P,P) and for momenta labelled 
by a number we write that number with decorations to denote the components of the 
momentum: (p n ,Pn,Pn,Pn) = (n,n,h,h). For component p, we will omit the tilde in case 
it causes no confusion. In this notation, the Lorentz invariant reads 

A • B = AB + AB - AB - AB . (2.2) 

We also make extensive use of the bilinears: 

j) = k^kj kjki , {i jj = kikj kjki . (2-3) 

2.2 Spinor conventions 

We use the Weyl representation of the Dirac matrices: 

y = [ a ^ ) , (2.4) 

' \a^' aa J ' y J 

<.=(1,<t*), = (l,-<?), o^ = \{a*d"-o»d»). (2.5) 

The massless Weyl spinors are solutions of Dirac equation p^a^x 01 = and P^^'^Xa = ; 

Xa = 2 1/4 (y^,p/VP) T , X* = 2 1/4 (p/VP, " Vpf (2-6) 
X a = 2 1/4 (p/VP,-Vpf, Xa = 2 1/4 (VP,P/VP) T (2-7) 

where x a = £ a(3 Xa, Xa = e & pc P and e 12 = e 12 = -e 1)2 = = 1. 

The usual spinor bilinear products can be recast into our convention 

(ij) = Xa (ki)xHk j ) = V2^, (2.8) 



[ij}=X a (h)xa(k j ) = -V2^ 



(2. 
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2.3 SQCD Lagrangian and component fields 

We will be working with the supersymmetric QCD Lagrangian with two chiral superfields: 



-^SQCD 



d 3 x 



$t e - 2 ^*$ 1 + $t e - 2 ^$ 2 



1 

8* 2g 2 



r tr 



W a W a 



02 



+ h.c. 



+m(<3?i<3? 2 ^ + h.c.) 



(2.10) 



where $2 and $1 are the chiral superfields in the N and N representation of color SU(N) 
group respectively and W a is the field strength spinor superfield of the gauge field. (<pi,ipi, F\), 
W>2> 1P2, ^2) are component fields of <E>! and <E> 2 , and (A a , T^v-fi) are component fields of 
W a , Ajx being the corresponding component gauge field in V: 

Hy) = <f>{y) + V29^(y) + e 2 F(y) , 
W a (y) = A a (y) + ^( - D{y)e Pa + ^"^/^(i/)) 

+e 2 ^ aa v^(y)), 



where 



(2.11) 

(2.12) 
(2.13) 



The gauge field strength is defined as 



*0 



where the normalization of color matrix r a is: 



[r a ,A 



iV2f abc T c , tr( T a T b ) = 5 ah . 



for gluino is defined as V^A = d^A + [Ap, A]. 

Before gauge fixing, the SUSY transformations for component fields are: 

5 An = r/o^A + Aa^r) 
5A a = Drj a - i(a^)Jrj^u 
3D = -irja^V^A - ifja^V^A 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



After integrating out the auxilary fields F and D we find the SQCD lagrangian in compo- 
nent fields: 

isQCD = (2^1)^1 + (V^Wfa - mV^i + 4<h) 

+i(ll>?%a$l + ~ m(^ 2a + ^l,d^2 ) 

-V2«(^i A^i + ViA0D + v^i^A^a + 4 A ^) 
1 _ _.„. i 
2 



2 

;rtr 

r 



- ^-V" + ^ a %*A a + A a ^ a A a ) 



(2.18) 



- 4 - 



We can combine the two Weyl spinors to be a Dirac spinor 



* = WW?) T (2.19) 
and like in [29], we denote the components of the spinor as 

■qj = (a + ,/? + ,/r,cO T and ^ = (/3 + , a + , a~, /T) , (2.20) 

where the ± superscripts denote the physical helicity of the outgoing particles for massless 
theory and = (a T )*. For the gluino, we denote the components of Weyl spinor A and 
A as 

A a = (A, T) , A d = (T,-A). (2.21) 

We also denote 4>i{4>\) as 4> + ((f>~) and (^2(^2) as </ )+ (0~)- I n this wa Y) we wm see later 
that the superscript ± of a, a will be the same as their superpartners'. As an abuse of the 
nomenclature we will also call ± superscripts of scalars as plus(minus)-chirality. 
Fields in momentum space are defined as the Fourier transformation: 

ff x ) = [ ^§^ f{(f)e ^+^+^) (2 .22) 
J (2vr) d 

and we use numbered subscripts to denote the momenta labelled with numbers of the fields: 

fi = f(pi), /i = /(-Pi). (2-23) 
We also use a short-hand notation for the momentum integral product 

L=n^/™- <2 - 24) 

3. Light-cone SQCD lagrangian and light-cone SUSY transformations 

We start with SQCD lagrangian fl2.18|) . As in [22-24,29], we quantise the theory on the 
constant x° surface S with a normal vector /i = (1,0,0, l)/\/2 in Minkowski co-ordinates 
and choose the light-cone gauge .A = 0. Then we find out that the dynamical fields are 
A, A, a^, , A, A, < A ± , <A ± , whilst A, T, T, p ± , f3 ± can be integrated out. After this, 
we can group the terms in the light-cone SQCD lagrangian according to their chirality 
configuration and their field content: 

^lcsqcd = L+~ + L+~ + L+- + L+- 

, r++- , r++- , t++- I t++- , t++- 
+ AA + L aA + ^<f>A + L oA^ 

+L A + + L AA + + L aA + + L ( p A + + L aA £ 

I T ++ , T ++ , r ++ I T ++ , T ++ , T + + 

+L A +L A +^ AA + L a< j> 

, T ++ I T ++ , r ++ , T ++ , T + + 

"+~ ^(j>A + ^ah + ^</>A "+~ a<j>AA 
+ L tn,a + L ta,4> + L m,aA + L m,<pAa + L rr^aA + ^m,(j>Aa ' $.1) 
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in which the superscripts differentiate their chirality configurations and the subscripts 
denote their field content. Subscript m in the last line labels massive terms. L^,". terms 
are proportional to m?, whilst an< ^ -^m + ~ are proportional to m. The full expressions 

for each term are summarised in appendix [A|. The L~^~ , L^~ a and L J~ , LZT^ terms result 
in massive propagators for a and <f>: 



m, 



(a a 



V2p 



p- 



m- 



P 



(3.2) 



Since we have fixed the light-cone gauge, the full SUSY transformation will not preserve 
the gauge, but there is a subgroup of the full SUSY transfromation which leaves the light- 
cone gauge invariant. Also, since only the dynamical fields are left in the light-cone SQCD 
lagrangian, the remaining supersymmetry can only involve these fields. If one restricts the 
SUSY transformation parameters rj a and 77" in ( p. 17 ) to be 



ri a = {0,v), rf = (77,0), 



(3.3) 



one finds that this subgroup of the full SUSY transformation does indeed preserve the 
gauge condition and the space of dynamical fields. To be specific, these transformations 
for dynamical fields are 



S<f>+ = -V2rja + 
5(f) + = V2r/a + 
5a~ = 2ir]d(j)~ 

6a~ = —2ir]d(j)~ 

5 A = 2ir)dA 

6 A = V2r]A 



<5a + 

5 A ■■ 
5A 



\f2fja~ , 
-\f2f\a~ , 
—2ifjd(j) + , 
2ifjd(j) + , 

-2ifjdA, 

-V2f)A. 



(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 



The auxiliary fields F, D and the nonlinear terms also automatically disappear in this 
transformation. We will call this SUSY transformation the light-cone SUSY transforma- 
tion. Furthermore, we can group the dynamical fields into pairs: 



0+} , {a-, 0"} , {cT t <f>-} , {a + , 0+} , {A, A}, {A, A} 



(3.10) 



in which each pair of the dynamical fields generate an invariant sub-space under this light- 
cone SUSY transformation. As a result, the terms in the light-cone SQCD can also be 
grouped into SUSY invariant pieces: 













{L + A + 


+ AA 


} 


' i L aA + L <f>A + L aA<f> } ' 




{L A - 


f 4- T — + 
+ AA 


} 


' i L aA + + L <PA + + L aA<p} ' 




{L A - 


f + + L A - 


+ 


f + ^ ++ }> {L- a - ++ + L^ 


-++ , T ++1 

+ L a<j> S 


{L- A 




4- 


f I T ++ I J ++ I T + + 


}, 




+ L m,4>} 




u + -+ 4- t + -+ \ fr-+- 

\^m,aA ~ ^m,<t>Aa> ' m,aA 





(3.11) 
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These are not the smallest pieces that are invariant under these transformations. For 
example, one can also separate the + into two parts containing {(fr^, a + , a~} 
and {<^ =t , a~ , q + } respectively which are separately invariant under the light-cone SUSY 
transformations. However, if one term in one curly bracket of (3.11) appears as a whole, to 
be closed under these transformations one must add the other terms in this curly bracket. 



4. Canonical transformations for the MHV-SQCD 

From previous work [29], we have already got the canonical transformations for a^, a^, 
A and A for the MHV lagrangian of QCD. And now we also have the light-cone SUSY 
transformation fl3,4| )- (|3.9| ). In this section, we will fix the canonical transformations for 
the SQCD using these two results. 

The canonical field pairs before and after the canonical transformation for SQCD are 
(up to some irrelavent normalizations): 

{A,dA}^{B,BB}, {A,A}^{n,n}, 

{0- ^-{p-V}, {0" 30+} (4.1) 

As in [22,23,29], the canonical transformation should transform the massless non-MHV 
terms to kinetic terms: 

L A + ^A +L t +L a + L A + + L AA 

+Ltr + L+Z~ + = L+- + L+- + L+T + L+~ . (4.2) 

The canonical transformation can be represented as a power expansion of the old fields in 
terms of the new fields. Like equations (|3.4|) -(^S|), we expect the SUSY transformation 
for the new fields to be linear, so that it is satisfied at each order of the expansion. Since 
to the leading order of the transformation expansion, the old fields are the same as the 
new fields, we make the natural assumption that the new fields actually satisfy the same 
light-cone SUSY transformations as the corresponding old fields: 



S$ + = -V2rit + , Sep' = V2fjC , (4.3) 

5tp + = \/2^+ , Stp- = -V2fjC , ( 4 - 4 ) 

SC = -2ir)d(p- , 6£ + = 2ifjd<p + , (4.5) 

6f = 2irid<p- , 5£ + = -2ifjd<p + , (4.6) 

SU = 2ir]dB , 5U. = -2ifj8B , (4.7) 

SB = V27]U , SB = -V2fjU . (4.8) 



As further support for this assumption, we note that this implies that both the left hand side 
and the right hand side of ( |4.2[ ) are then closed under the light-cone SUSY transformation. 

Recall that the equation defining the canonical transformation equation for MHV-QCD 
is only part of equation (|4.2| ) : 

L+- + L+~ + L++- + L++- = L+- + L+~ . (4.9) 
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Since each term on the left hand side of this equation is in the first four curly brackets 



separately in (3.11) and also each term on the right hand side is in the first two curly 
brackets separately, the minimal supersymmetric extension of this equation just gives us 
back the whole equation ( [4.21 ). Therefore, if we can find a canonical transformation that 
transforms correctly under the SUSY transformation and is also consistent with what 
we already have in MHV-QCD, we will have solved the canonical transformation equation 
Q4.20 . To be specific, we can separate the transformation expansion for fields {A, A, a^,^} 
into QCD pieces which involve only QCD fields {£>, B, £ }, and new pieces which contain 
new supersymmetric fields {^,^,11,11} as well as QCD fields: 

x = xQ c »[B,B,e,Z ± ] + x New [B,B,e,Z ± ,<p ± ,<p ± ,n,n], ^{AAa^l, 

(4.10) 

in which either each expansion term in X New contains at least one field from {(p^, (p , II, fl} 
or X New = 0. At the same time, one can see that the expansion of {A, A, , =t } should 
not contain pieces which only have QCD fields: 

X = X[B,B^ ± ^ ± ,p ± , l p ± ,U,U], Xe{A,A,^ ± ,$ ± }, (4.11) 

where each term in X contains at least one field from {p^, (p , n, ft} as in X New . This is 
because all the new superpartners carry R charges, and R charge should be conserved 
by the canonical transformation. In other words, X New [B, B, £ =t , £ , tp^, p^, II, ft] and 
X[B, B, ^ r=t , (/9 =t , II, II] cannot contribute to the QCD pieces containing only QCD 
fields in the canonical transformation equation ( |4.2[) . Therefore X^ CD must separately 



satisfy (4.9), whilst the new pieces X w along with X must satisfy the canonical trans- 



formation equation with the pure QCD terms eliminated: 

A + ^A + % + n a ' '-'A + AA 

+L + a \- + L++- + L++- = L+~ + L+- . (4.12) 

Here only terms containing the new pieces X New in L~^~,L~^ ,L^,L^^ are retained. 
So we would expect A^ CD are just what we already have, which are listed in appendix [B]. 

To obtain the MHV lagrangian for massless pieces, we demand that all the old plus 
chirality fields depend only on new plus chirality fields and all the old minus chirality 
fields should depend linearly on the new minus chirality fields. As in [23,29], first, we still 
demand that A is just a functional of B, i.e. in momentum space: 1 



A = E/ ^ q ,i-nBi---B n 5 ql ... n . (4.13) 
n=l Jl ~ n 

It is then easy to obtain the canonical transformation for A by using the light-cone SUSY 



transformation (3.9) and 



*9 ~ 



oo „ n 

\ Y. / T 'M~<< »V--H/--- B n S ql .., R . ( L 1 1 ! 

n=l Jl - n 1=1 



1 Further details on definitions in the equations here and later, are included with the summaries in 
appendices H] and |j. 
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Under SUSY, A transforms back to A under the light-cone SUSY transformation. Therefore 
the right hand side of the above equation had better transform under SUSY back to the 
right hand side of ( [4.13 ). After collecting terms, that is what happens, thus forming a 



non-trivial consistency check on our reasoning. As an inverse, B is only a functional of A, 
i.e. B[A\, and II a functional of A and A, i.e. n[_4, A]. 

Next, let us consider a~ and <p~ . The expansion of a~ should at least contain one piece 
containing terms of the form B ■ ■ ■ B£~ . The supersymmetric transformation of a~ and £~ 
involves only terms proportional to holomorphic 77, but the supersymmetric transformation 
of B involves only anti-holomorphic fj. To satisfy the SUSY transformation for a", the 
expansion must have another piece to cancel the fj terms after the SUSY transformation. 
But for <p~ there is no such requirement because the SUSY transformation of <$r involves 
only 77 like B. So for a minimal extension of MHV-QCD, the expansion of cj)~ could contain 
only one piece: 

00 „ 

^ = E / T « • • • B n-Wn$ q i-n , (4-15) 

n=1 Jl-n 

and by using the SUSY transformation from to a~ , the expansion of a~ can be obtained: 

00 . n— 1 

r- I JB 1 ---B n ^--^2B 1 ---U r --B n ^-)5 gI ... n . (4.16) 

n=2 Jl - n ' 1=1 

Under SUSY, a~ transforms back to <p~ . After collecting terms, one finds that the right 
hand side of the above equation transforms under SUSY back to the right hand side of 
(4.15). Again, this forms a non-trivial consistency check on our reasoning. As a result, the 



inverse (p~ is only a functional of and A, i.e. (p~[(f)~ ,A], and £~ a functional of <f>~ , A, 
oT , and A, i.e. £~ [a~ , 4>~ , A, ^4]. The discussion for a~ and is the same. For a + , 4> + 
and a + , a similar discussion can be applied, but the roles of a and 4> are exchanged, 
that is, the expansions for a + and a + contain only one piece each and the expansions 
and <p + have two pieces each. The detailed transformations are summarized in appendix 
|C]. Here we only summarize the field dependence: 

oT [f, <p~ , U, B] , oT[t, <p-,H,B\ , 

<T[<p-,B\, $~[<p~,B], + k + ,e + ,n,s], ^ + [^+,e + ,n,s], (4.17) 

and the inverse field dependence: 

.4], £ + [a + ,A], fK,f,A,i], t[a-,^>-,A,A], 
<P~[<F,A], qr[4>-,A, V + [<A + ,« + , A,^l] , <p + [4> + ,a+, A, A] . (4.18) 

The transformations for A and A are the most complicated ones. From the transfor- 
mation for MHV-QCD we can see that, A has at least two pieces: one piece involves only 
gauge fields B and B, and the other involves fermions and their 1/Nc terms. We look at 
the term involving B and B i.e. A B first. From a similar holomorphic analysis of the SUSY 
transformation, one finds that the minimal extension is to make the corresponding gauge 
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piece A UB of A contain a single piece involving B and II, and A contain an additional piece 
A BU involving B , II, ft, in the following sense: 

oo „ n 

A f 11 = E / E -9,1-^1 • • • ^ • • • B ^~n > ( 4 - 19 ) 

<5gl...n • (4-20) 



^ n = "TliE A E s «' 1 -" E 



-l^-.-nr-.n,---^ 



Next, let us look at the piece involving B ■ ■ ■ • • • B in the expansion of A. There 
must be a corresponding piece in A which should be transformed into this piece under the 
SUSY transformation. The corresponding piece in A could contain terms proportional to 
B ■ ■ ■ II • • • ---B, B--- ip + £- --B and B--- £ + ip~ ■■■B. From (glf) and the require- 
ment that this be a canonical transformation, we have: 

SA *r ^l = ^ = . (4 . 21) 



5dif+ ' 5£~ SA 

Therefore this piece cannot depend on ip + and £~ , and the only terms left are proportional 
to B ■ ■ ■ £, + (f~ ■ ■ ■ B. This is also consistent with the SUSY transformation since the SUSY 
transformations of B, (p~ and £ + involve only fj which is the same for A. By the same 
reasoning, one can obtain the corresponding pieces in A for the other pieces in A. In this 
way we demonstrate that A must be given by equations flC ^ - flCTlD . Now, using SUSY 



transformation on A one determines the canonical transformation for A as given in the 
equations ( |C.12 )-( C.16| ), Finally, by a straightforward computation, one confirms that the 



expansion for A transforms back to the expansion for A under the SUSY transformations. 

We have now determined the canonical transformations for all of the fields in terms 
of coefficients which we have tacitly assumed are the same as the ones in the transforma- 
tion to MHV-QCD. This assumption is correct, since the QCD pieces of {.4, A, a^, a^} 
must be just the same as the transformation for MHV-QCD. It follows that the canonical 
transformations for new fields does not introduce new unknown coefficients, as one might 
expect from super symmetry. 



5. The massive CSW vertices for SQCD 

With the canonical transformations at hand, we are ready to look at the new CSW vertices 
for SQCD. As proved in [22,29], the massless part of the CSW vertices are the same as the 
MHV amplitude continued off shell up to some external polarizations. These MHV vertices 
can be constructed from the MHV amplitudes obtained using normal massless SUSY Ward 
Identities (SWI), so we will not discuss them here. The new vertices are the massive CSW 
vertices from mass terms in the light-cone SQCD. 

The new massive CSW vertices for SQCD could be calculated by substituting the 
canonical transformations into the light-cone SQCD lagrangian. But we can try to fix 
them from the light-cone SUSY transformation. First let us look at 

L m,a<t> = L m,a + L m,4>- 
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Upon substitution of the canonical transformation, we see that this piece should be com- 
posed of six kinds of field configurations: 



L±- 



m 

71 



E 

n=2 



1-n 



(1 • • ■ • • • ^n-iC + (1 ■ • • ") er^2 • • • #n-i£+ 



+V+-(1 ■ ■ ■ n)^B 2 ■ ■ ■ B n -i<p~ + V~m • • • n)^B 2 ■ ■ • B n _^ 



f 

2 00 



+71^ / E 



n-l 



+V^a---n)<PTB 2 ---H r --B n ^ 



Sl-n 



(5.2) 



Note that there are no (p + B ■ ■ ■ H ■ ■ ■ B£~ and ^B •••![••• Bip + terms. This is a consequence 
of the simple field dependence of a + , a + , <fi~ , and 0~ in ( |4.17| ). It also conforms to a 
rule that one can extract from the light-cone SQCD lagrangian in appendix |A|, namely 
that in the terms involving one scalar and one gluino, the chiralities of the scalar and 
gluino are always opposite. The first, third and fifth pieces should be closed under SUSY 



transformations. Using the SUSY transformations (4.3)— fl4.8| ) one then easily finds that 
these three vertices must be related as: 



v+- 



V21V 



v: 



i,+- 



V 



(5.3) 



Since only the QCD pieces in a^ 1 and can contribute to terms proportional to £i 2?2 • • • £> n _i£ r , 
and £x B% " ' B n -i££ , and V~~^ must be equal to the corresponding coefficients for 

MHV-QCD. By using the results of for MHV-QCD listed in the appendix g the above 
relations immediately give and V^J n . Similarly, we can also obtain expressions for 
the other three vertices: 



V. 



m,<p 



V21V 



V. 



1-+ 



V 



(5.4) 



If one calculates the amplitudes A(l^ 2 + • • • (n — l) + n^) and ^4(1^2 + • • • (n — l) + nj) by 
choosing the reference momenta of fermions as in [31], the amplitudes are proportional to 
and V^,. Using relation ( |5.3| ) and ( |5.4D , one can recover the relations between these 
amplitudes obtained from massive SWI in [31]. Notice that and V^^ n are inde- 

pendent of I. This is a consequence of the supersymmetry. Taking as an example, 

since after SUSY transformation, there is a term proportional to £/~Z?2 • • • n a • • • H • • ■ B(p^ 
which comes from V^^^f #2 • • • H ■ • ■ B(p~ and V^^^f B2 ■ ■ ■ n s • • • B(p~ , whose coeffi- 
cient must vanish, we have: 



V 



l,+- 



V 



, for s 7^ I , 



(5.5) 



in other words does not depend on /. 

Next, let us look at 



L 



-^m,aA ^ ^ra,4>A ^ ^m,<f>Aa ' 



(5.6) 
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We can separate it into three parts which are invariant under the supersymmetry: 



, oo „ n—1 

=im\J2 E feT + (l ■ ■ ■ n) ^ft ■ ■ ■ B. ■ • • fl^tf 

+Cjn ? + (1 • • • ")#B2 • • • S s • • • B n _!e+ 
+Cjn^ + (1 • • • n) • • • 5. • • ■ S n _^+) 

+^E/ E E (-i)*- (i$Sr + a-«) 

x£+S 2 • • • n r • • n s • • • B n ^+)8 x .,. n \ , (5.7) 



2 /• oo „ n— z 

^- + ' (2) = vf^ E / Efcr~ + ( I -^)^---^c + i---^-iC 

• • • *0 6^ • • • ^>J +1 • • • £n-l£+ 

• • • ") ^2 • • • ^^7+1 • • • #n-l£+ 

oo „ n— 2 n—1 

+E / E E (-^(CUa--^) 

n=5 7 1 "' n s=2 Z=2,/^s,s+l 

x£+£ 2 ■ • • n r • ■ • • • Br.-iC) <5l...nj , (5.8) 



2 ( 00 „ n— z 

C- + - (3) = ^|E/ E(cr ++ ( I ---^ 2 ---ce + i---^n + 

• • • *o • • • ^r^+a • • • £n-ie+ 

oo „ n— 2 n—1 

+E/ E E 

n=5 ,/1 - n s=2/=2,/^s,s+l 

X£+£ 2 ■ • - n r • • ^Cj+l • • • , (5.9) 

where is defined in ( p. 17] ). Just by using the SUSY transformation as before, we arrive 
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at the following relations between these vertices: 



V 



-V 



V 



-V 



V 



Is. 



v s ' + t^ + = V2iv s >t + ~ 

ys,++-+ _ ./o£T/ s '++- + 



V. 



-++ 



m,£tp£tp 



V. 



-++ 



m,£<ptp£ 



yls,+-\ h _ _ys,+H h 



v: 



: + -+- 



= V2iv: ; r ++ , 



ls,+-++ T7 s,+-++ 



V 



-V 



(5.10) 



Since all the vertices on the right hand side of these equations have already been obtained 
from MHV-QCD, the new vertices on the left hand side immediately follow from these 
relations. Notice that V^'^^, V^'^j^^ and V^'^^ also do not depend on /, so the 
dependence of I in corresponding terms appears only in (— l) 5is , i.e. when the positions 
of plus-helicity gluinos change, the vertices at most change sign, in accordance with Fermi 
statistics. Just like in the previous case, this can be understood as a result of the supersym- 
metry: for example, the coefficient of the term £ + • • • • • • IT • • • i + (p~~~ ■ ■ ■ £ + , generated 

by the SUSY transformation, must vanish. This arises from transforming the V^'^~^ , 
^m|n>^ + terms, from which we conclude 



V 



ls,++-+ 



V, 



hs,++-+ 



m,£Xltp<p£ 



, for h ^ I , 



(5.11) 



which just means that t is independent of I. 

Now let us look at the last piece 



T-+- = T-+- -I- T-+- 



(5.12) 



There are four kinds of vertices with different field configurations in the lagrangian after 
applying the canonical transformations: 



l: 



vm 



V-^-(I---n)^8 2 ---8 n - 1 ( h 



n— 1 



+ E ^5(1 • • • "K»2 ■ ■ ■ II, ■ ■ ■ B„-l£ 



1=2 
n-1 



Sl-n 



+ E • • • ")^r»2 ■ ■ ■ n, ■ ■ ■ B n ^- 

1=2 

oo „ n— 2 rt— 1 n 

+ E / EE OTiJT (1 ■ ■ ■ nK»2 ■ ■ ■ n Zl ■ ■ ■ n, 2 ■ ■ • B^Cp- 5 h .. n (.5.13) 



Unfortunately, the light-cone SUSY transformation can only provide some relations among 
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these vertices: 

n— 1 n— 1 

1 y -,r + E * v inl = o . « v-+- - ^2 = > ( 5 - 14 ) 



Z=2 



^ m ,r - + = o , (5.i5) 

l-l n-1 

n V^tl + 1 tfe£ + E ^nn~ " E W^nZ = , (5-16) 

Zi=2 2i=i+l 
t^2,-+- _ T/ il '~ + _ — T/W2-+- _ n 1 y\ 

K^nt ~ Kn^nt ~ V m,^nUip =0 ' (5.18) 

T/ii'2, — ! — _ t/s'2, — I — i rrsh, — I — _ n iq-i 

From these relations, we cannot fix these vertices uniquely, but the above relations may 
simplify their determination. Indeed, we only need to calculate two of these vertices to 
obtain the others. Since we already have V~~^~ for MHV-QCD, actually we only need to 
calculate one vertex. The results are: 

V m,<pn£ ~ f n \ V m,i ' V°- zu ) 



I (In) 
;,-+-_ h(ll) + _ 
£ (1 n) 

yhh,-+- _ jft (h h) +_ f , 

m ^ " y 2 (ln) ^ ' 1 j 



It is easy to check that these equations satisfy ( |5.14 )-( [5.19D . These relations in fact can 



also be understood using the massive SWI at the amplitude level [31]. 
6. Conclusion and discussion 

In this paper, we have seen that the whole canonical transformation for the MHV-SQCD 
lagrangian can be obtained simply by applying a kind of light-cone supersymmetry trans- 
formation on the canonical transformation for MHV-QCD lagrangian. Unlike SWI, this 
SUSY transformation relates the dynamical fields of light-cone SQCD directly at the la- 
grangian level, not the annihilation operators of outgoing states at the amplitude level. 
As a result, it is more widely applicable, as we saw for example by using it to uniquely 
determine the canonical transformation for MHV-SQCD. Some relations among massive 
CSW vertices can be understood using this super symmetric transformation. Using these 
relations and the canonical transformation, all the massive CSW vertices are obtained. But 
since this SUSY transformation is a subgroup of the whole supersymmetry transformation, 
it is not as flexible as SWI in changing the transformation parameters. We see this in the 



massive vertex relations ( 5.20 )-( 5.22 ), which can be obtained from SWI at the amplitude 
level, but can not all be obtained just by using this SUSY transformation. 

Though in this paper, the canonical transformation is derived for MHV-SQCD with 
one flavour, clearly its application is more general. More flavours can be added without 
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difficulty. Since the pieces having different field content in the canonical transformation 



equation (4.2) cancel separately from the left and right hand side of the equation, parts of 
the transformation can be directly used in theories which can be embedded in SQCD. A 
typical example is MHV-QCD. After turning off A and (j>i t 2 by setting them to zero, we can 
obtain the canonical transformation for MHV-QCD and the corresponding massive CSW 
vertices are not changed. For theories involving only a gauge field and scalars, we can set 
A and quark fields to be zero in the canonical transformation, and the corresponding parts 
of the massive CSW vertices can be used directly in this theory as in [27,28]. This provides 
a direct explanation of the similarity between the massive CSW scalar vertices in [27, 28] 
and the massive CSW fermion vertices in [29]. Moreover, changing the masses for scalars 
and fermions does not modify the canonical transformation but the CSW vertices could be 
modified. It is also possible to extend it to a supersymmetric theory incorporating standard 
model such as the MSSM. 

These CSW vertices of course can be used in simplifying calculations of SQCD ampli- 
tudes involving massive quarks and scalars. An interesting observation is that for terms 
involving a plus-helicity gluino and containing only one minus-chirality particle, the mas- 
sive vertices do not depend on the position of the plus-helicity gluino in the color matrix 
product except for a possible sign change according to fermion statistics. This is a conse- 
quence of supersymmetry. This property may be useful in the amplitude calculations in 
SQCD. 
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A. Light-cone lagrangian for SQCD 



-s tr / d 3 x A (80 -dd)A, 

-i^tr f d 3 x (AdA - Add' 1 OA) , 

-2 J d 3 x (4> + (dd - dd)4>- + <j)-(dd - dd)^ 



iv2 / ti 3 x (a + da + a 9af 
is 



a 



+ dd 1 da 



a 



-dd~ 1 da + ) 



(A.l) 
(A.2) 
(A.3) 
(A.4) 
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L++- = - -i trj d 3 x {dd~ x A) [A, dA] , (A.5) 

L++- = -i^l tr f d 3 x (A{A, Bd^A} - (aa"U){A, A}) , (A.6) 
L++- =iV2 J d 3 x (V^r 1 ^)^ +a~(<r 1 &4)a + 

-a + 00 _1 (.4cr) - a-^-^a- 1 -) , (A.7) 

-4> + A84>- + , (A.8) 

L++- = ^ d 3 x ( - a+id-'BA)^- + 0-(9- 1 aA)a+ 

+(d~ 1 da + )A0- - 0-A(cHda + )) . (A.9) 



4 

.2^2 



L A - + = - — tr / d 3 x [4, &A] (d^U) , (A.10) 



L AA + = -i^ tr J d 3 x ^4 {A, d<T 1 A} - (dO^A^A, A} J , (A.ll) 

L- A + =iV2 J d 3 x (a + (a _1 M)a - +a _ (a -1 a^)a + 

-a~9a- 1 (^a + ) - a+^(a _1 aa-)) , (A.12) 
L^ A + = 2 /d 3 x - (j)-(d- 1 dA)dct) + - <trAd<l> + + B0 + A^ (A.13) 

L^ A + = -iy/2 Jd 3 x (^+(d- 1 d\)a- -cT{dr 1 dA)<l> + 

-^A^da-) + (O- 1 5a-)A0 + ) . (A.14) 



r — ++ 



d 3 x 



^ A d- 2 ^ A -^tr([A,A] 2 ) 



r — ++ 



r — ++ 



\d- 2 Y, a A -i 



A -, 2 -^tr([AA]d- 1 [AA\) 



(A.15) 
(A.16) 
(A.17) 
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T — ++ 


= [d 3 x 



L 



'4>A 



J — ++ 



T — ++ 



T — ++ 



- ^/2ig 2 {a + T a cp- + 0-T°a + )0- 1 (0 + T o a _ + cTT>+) 
Jt, L 

^d 3 x £«<r 2 s A , 

T, a J- 2 Z A - iV2(a-Ad-\Aa + ) + a+ATVcO) 
££<r 2 £^ - ^^-AS-^A^) + 0+AO- 1 (A0-)) 



d 3 x 



d 3 x 



= -z^2 I d 3 x 0-A5- 1 (^a + ) - 0+Ad" 1 ^^) - d'^a'AjA^ 

+rV + ^)Af + a + (9" 1 [i,A])f - f (r^AA])^ 

+^(r 1 [^A])a'-a~(r 1 [AA])f 



where 



A 



2 



.9 



ti([A,dA}T a + [A,dA]T a j , 
tr({A,A}T a ) 



= iV2g[a'T a a + + a+T a a 



-m 2 / d 3 x 



(^0- + 



= m />x ((a- 1 a+)A0+ - ^Aa- 1 ^) , 
i^ + tt 4 = rn I d 3 x a - ^" -1 ,^]^ , 

J Xj 



(A.18) 
(A.19) 

(A.20) 

(A.21) 
(A.22) 
(A.23) 
(A.24) 



(A.25) 

(A.26) 

(A.27) 
(A.28) 
(A.29) 

(A.30) 
(A.31) 
(A.32) 
(A.33) 
(A.34) 
(A.35) 
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B. Summary of the canonical transformation for MHV-QCD 



J ql---n) 



a, 



a, 



a, 



n=1 Jl-n 

oo „ 

E / Kl-^-- B ^nS q l 
n=1 ->l-n 

oo „ 

E/ E tl-Jt^---B n 5 qI ... n 

n=1 Jl-n 

oo „ 

C + E/ W 1 -"^, 

n=2 Jl-n 

oo . 

c + E / ^i...^-^*. 



,QCD 



,QCD 



,QCD 



where 



JQCD _ l£,QCD , 7££,QCD 



1 oo „ n 

A B q >^ = W E SS S,I-n»i-».-^^-n, 

1 n=l h-n s=1 

2 oo „ i-n— 1 

^b.qcd = 9y y K +,s B B g~ „ 



n-l 



<U-n = (27r) d 5 d (g-pi p n ) 



Define: 



All the coefficients can be expressed as 



T - 


T+ T _ =H+ T _ =Hr 1 gA i ... fi , 


(B.ll) 


"q,l-n 


(-O^lAi..^, 


(B.12) 


q,l---n 


(—i) n_1 nA I ... fi , 


(B.13) 





Hr^Ai...^, 


(B.14) 


X + 1 S _ = 


(-i) n_1 s+lAi... fi , 


(B.15) 


K +,N C _ 
q,l-n 




(B.16) 


xy _ = 

q,l---n 




(B.17) 


iff C = 
g,l-n 




(B.18) 



C. Summary of the canonical transformation for MHV-SQCD 



A.q — .4.9 , oi„ — a„ , ol„ — a„ , (C-l) 



a q = a q 



q > ^g 

oo „ rt— 1 

, Q cd _ ^ / T ( ^ Hl ■ • • n r ■ • j 9l ... B> (C.2) 

n=2 Jl - n 1=1 

oo „ n 

a, = v QCD +E / v,(E^''' n ^' 6 J^. ( c - 3 ) 



(C.4) 



0o = <P. 



-. oo „ 1 n— 1 

+ / T; i .i«Bl•••B«-l^^^E 6 l••■ ^ '•■• 6 -4 + )M c ' 5 ) 

9 n=2- yi -™ ' V V2 1=1 ' 

oo „ ^ n 

^ + + ^E / s :i...,( i ^ 2 ---^-7fE^2---n r ..H n ) ( 5 9l ... fi , (c.6) 

y „_oJl-n V Z=2 

(C.7) 

E / s- I ... nV rft-^*,i..*, (c.8) 

n=l Jl - n 



oo „ 

E/ T ^l...n Hl ■ ■ ■ B n-l<fn ^ql-f 
n=1 Jl-n 

oo 
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where I is the color singlet unit matrix and 

Sis = 



for I < s 

1 for I > s 



(C.17) 



D. Summary of the massive CSW vertices for MHV-QCD 



where 



m 



V2 

c 



CO „ 

n=2 Jl,2,-n 



n=2 ,/1 ' z ' 



1,2,-n 



V+-{\---n)^B 2 ---B n ^-8 x ... n 



n 

. n = (2vr) 3 5 3 (^ 



Pi , 



i=i 

„-■>, (1") 



c(i-«) = nrA,, 



ri 



-) = -Hr 2 Ai..,y, 



and A is defined in flB.lOj ). 



(D.l) 

(D.2) 

(D.3) 
(D.4) 



r+-4 



+ 



oo n—1 



E E / • • • n)^^ • • • 4 • • • B„_i£ 5i...„ 



- n=3 s=2 
2 co n— 2 



2^2 



n=4 s=2 Ji > 



2,-Tl 



r 



s,++- + 



(D.5) 



where 



- n) = Hr 3 Ai..,^ , for n > 3 . 

In 

• • • n) = H) n - 3 Ai..., (1 s) [{s + 1 n) 1 (s s + 1} 



Is 



ft Nq s 



^ + - + +(! • • • ft) = -H)"- 3 Ai , (g J^ n) f M - ^ (£^±11 

s + lft V 1 s + 1 



, for n > 4 , 

for n > 4{D.6) 



n=3 Jl,2,-n 



where 



V-+-(J ■ ■ ■ n)^B 2 B 3 ■ ■ ■ B n ^- S h .. n , 



V- + -(l • • • ft) = -(-i) n - J Aj... s V^- , for n > 3 . 

lft 



(D.7) 



(D.8) 
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